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We study classes of boundary value problems involving the p-Laplacian operator and
nonlinearities which have falling zeroes. We analyze the existence and multiplicity of
positive solutions when a parameter is large. We use the method of sub–supersolutions
to establish our results.
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1. Introduction
We consider the following boundary value problem:{−∆pu = λf (u), inΩ
u = 0, on ∂Ω, (1.1)
where ∆pu = div(|∇u|p−2∇u), λ is a positive parameter, Ω is a bounded domain in Rn, n ≥ 1, with C∞-boundary and
f : [0,∞)→ R is continuous and satisfies:
(H1) There exists r0 > 0 such that f (s)(r0 − s) > 0; s 6= r0
(nonlinearity with a falling zero).
We are interested in the study of positive solutions to (1.1) in the space C1(Ω). We will use the method of
sub–supersolutions to establish our results. We define ψ ∈ W 1,p(Ω) ∩ C(Ω) to be a subsolution of (1.1) if∫
Ω
|∇ψ |p−2∇ψ · ∇h ≤ λ
∫
Ω
f (ψ)h, ∀h ∈ C∞0 (Ω), h ≥ 0,
ψ ≤ 0, on ∂Ω,
and Z ∈ W 1,p(Ω) ∩ C(Ω) to be a supersolution of (1.1) if∫
Ω
|∇Z |p−2∇Z · ∇h ≥ λ
∫
Ω
f (Z)h, ∀h ∈ C∞0 (Ω), h ≥ 0,
Z ≥ 0, on ∂Ω.
Then the following result holds:
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Lemma 1.1 (See [4]). Suppose there exist a subsolution ψ and a supersolution Z of (1.1) such that ψ ≤ Z; then there exists a
solution u of (1.1) such that ψ ≤ u ≤ Z.
First note that Z = r0 is a supersolution. Hence to establish a positive solution by this method one needs to find a
nonnegative strict subsolution ψ ≤ r0. In the case when f (0) > 0, one easily sees that ψ = 0 is a strict subsolution,
whereas in the case when f (0) = 0 one needs to work harder to find such a nonnegative strict subsolution. However if
f (0) = 0, f (r)(0) = 0; r = 1, 2, . . . , [p − 2], f ([p−1])(0) > 0, then it is possible to find a positive subsolution ψ ≤ r0 for λ
greater than some λ∗ > 0. To see this, let ψ = φ, where  is small, and φ > 0 be the eigenfunction corresponding to the
first eigenvalue σ1 of the operator−∆p with Dirichlet boundary conditions such that ‖φ‖∞ = 1. Note that φ satisfies{−∆pφ = σ1φp−1, inΩ,
φ = 0, on ∂Ω.
Let H(s) = σ1s[p−1] − λf (s); then H(0) = H ′(0) = . . . = H([p−2])(0) = 0,H([p−1])(0) = σ1[p − 1]! − λf ([p−1])(0). So if
λ > λ∗ = σ1[p−1]!
f ([p−1])(0) then H(s) < 0 for s small. Thus−∆pψ = p−1σ1φp−1 ≤ [p−1]σ1φ[p−1] ≤ λf (φ) for  small and hence
ψ = φ is a subsolution of (1.1).
In this work, we first analyze the existence of positive solutions for λ 1 with no additional assumptions at zero other
than f (0) = 0. Secondly, assuming
(H2) lims→0+ f (s)sp−1 = 0
we establish the existence of at least two positive solutions for λ 1.
In the case p = 2 such results were established by Rabinowitz in [7] by the use of variational methods. Themain purpose
of this work is to extend these results for the case when p > 1 and to systems. Our method gives a new proof even in the
case p = 2. First we establish the following results for (1.1).
Theorem 1.1. Assume (H1) holds; then (1.1) has a positive solution for λ 1.
Theorem 1.2. Assume (H1) and (H2) hold; then (1.1) has at least two positive solutions for λ 1.
Next we extend such results to the following systems:{−∆pu = λf1(u)g1(v), inΩ
−∆pv = λf2(v)g2(u), inΩ
u = 0 = v, on ∂Ω,
(1.2)
and {−∆pu = λ1f1(u)+ µ1g1(v), inΩ
−∆pv = λ2f2(v)+ µ2g2(u), inΩ
u = 0 = v, on ∂Ω,
(1.3)
where λ, λ1, λ2, µ1, µ2 are positive parameters, fi : [0,∞) → R is continuous and gi : [0,∞) → [0,∞) is continuous,
gi(s) > 0; s > 0 and nondecreasing for i = 1, 2.
To state our results concisely we introduce the following hypotheses:
(H3) There exists ri > 0 such that fi(s)(ri − s) > 0; s 6= ri for i = 1, 2.
(H4) lims→0+ fi(s)sp−1 = 0 for i = 1, 2.
(H5) lims→∞ g1(M(g2(s))
1
p−1 )
sp−1 = 0 for everyM > 0.
(H6) lims→0+ gi(s)sp−1 = 0 for i = 1, 2.
We prove the following results:
Theorem 1.3. Assume (H3) holds; then (1.2) has a positive solution for λ 1.
Theorem 1.4. Assume (H3) and (H4) hold; then (1.2) has at least two positive solutions for λ 1.
Theorem 1.5. Assume (H3) and (H5) hold; then (1.3) has a positive solution for λ1 + µ1  1 and λ2 + µ2  1.
Theorem 1.6. Assume (H3), (H4), (H5) and (H6) hold; then (1.3) has at least two positive solutions for λ1 + µ1  1 and
λ2 + µ2  1.
Remark 1.1. See [1,5,6] for related results in the case when the nonlinearities remain positive (no falling zeroes). See also
[2] for results for singular sign changing nonlinearities.
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We prove Theorems 1.3–1.6 also by the method of sub–supersolutions for cooperative systems. To describe this method we
introduce the system{−∆pu = F(u, v), inΩ
−∆pv = G(u, v), inΩ
u = 0 = v, on ∂Ω,
(1.4)
where F ,G : [0,∞) × [0,∞) → R are continuous such that F is nondecreasing with respect to v and G is nondecreasing
with respect to u. We define (ψ1, ψ2) to be a subsolution of (1.4) if ψ1, ψ2 ∈ W 1,p(Ω) ∩ C(Ω) and∫
Ω
|∇ψ1|p−2∇ψ1 · ∇h ≤
∫
Ω
F(ψ1, ψ2)h, ∀h ∈ C∞0 (Ω), h ≥ 0,∫
Ω
|∇ψ2|p−2∇ψ2 · ∇h ≤
∫
Ω
G(ψ1, ψ2)h, ∀h ∈ C∞0 (Ω), h ≥ 0,
ψ1 ≤ 0, ψ2 ≤ 0, on ∂Ω,
and (Z1, Z2) to be a supersolution of (1.4) if Z1, Z2 ∈ W 1,p(Ω) ∩ C(Ω) and∫
Ω
|∇Z1|p−2∇Z1 · ∇h ≥
∫
Ω
F(Z1, Z2)h, ∀h ∈ C∞0 (Ω), h ≥ 0,∫
Ω
|∇Z2|p−2∇Z2 · ∇h ≥
∫
Ω
G(Z1, Z2)h, ∀h ∈ C∞0 (Ω), h ≥ 0,
Z1 ≥ 0, Z2 ≥ 0, on ∂Ω.
Then the following result holds:
Lemma 1.2 (See [4]). Suppose there exist a subsolution (ψ1, ψ2) and a supersolution (Z1, Z2) of (1.4) such that (ψ1, ψ2) ≤
(Z1, Z2); then there exists a solution (u, v) of (1.4) such that (ψ1, ψ2) ≤ (u, v) ≤ (Z1, Z2).
In Section 2 we prove Theorems 1.1 and 1.2; in Section 3 we prove Theorems 1.3–1.6.
2. Proof of Theorems 1.1 and 1.2
Proof of Theorem 1.1. Let φ > 0 be the eigenfunction corresponding to the first eigenvalue σ1 of the operator −∆p with
Dirichlet boundary condition with ‖φ‖∞ = 1. For fixed σ ∈ (0, r0), let ψ := σ2 φ
p
p−1 . Then
−∆pψ =
(σ
2
)p−1 ( p
p− 1
)p−1
{σ1φp − |∇φ|p}.
Let δ > 0, µ > 0,m > 0 be such that |∇φ|p − σ1φp > m in Ωδ and φ
p
p−1 ∈ [µ, 1] in Ω \ Ωδ where Ωδ := {x ∈ Ω |
d(x, ∂Ω) ≤ δ}. This is possible since |∇φ| 6= 0 on ∂Ω . We can choose λ 1 such that(σ
2
)p−1 ( p
p− 1
)p−1
σ1 < λ min
s∈[ σ2 µ,σ]
f (s).
Thus inΩ \Ωδ,
−∆pψ ≤
(σ
2
)p−1 ( p
p− 1
)p−1
σ1 < λ min
s∈[ σ2 µ,σ]
f (s) ≤ λf (ψ). (2.1)
On the other hand, inΩδ,
−∆pψ < −
(σ
2
)p−1 ( p
p− 1
)p−1
m ≤ λf (ψ), (2.2)
since λf (ψ) ≥ 0. Combining (2.1) and (2.2), if λ 1 we see that ψ is a positive subsolution of (1.1).
Next it is easy to check that constant function Z := r0 is a supersolution of (1.1). Note that Z ≥ ψ . Hence for λ 1, (1.1)
has a positive solution and Theorem 1.1 is proven. 
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Proof of Theorem 1.2. First we note that ψ ≡ 0 is a solution (and hence a subsolution). In the proof of Theorem 1.1, we
saw that for λ  1, ω = σ2 φ
p
p−1 is a positive strict subsolution. And also we know that Z := r0 is a supersolution of (1.1)
such that Z ≥ ω. Now we will show that there is a positive strict supersolution ζ such that ζ ≤ Z and ζ 6≥ ω. From (H2),
we can choose ε ∈ (0, σ2 ) such that
λf (s) < σ1sp−1, for 0 < s < ε.
Let ζ := εφ. Then
−∆pζ = σ1(εφ)p−1 > λf (εφ) = λf (ζ ).
Thus ζ is a positive strict supersolution and since ε < σ2 , ζ 6≥ ω. Hence there exist solutions u1 ∈ [ψ, ζ ], u2 ∈ [ω, Z] and
u3 ∈ [ψ, Z] \ ([ψ, ζ ] ∪ [ω, Z]).
This follows by the three-solution theorem discussed in [3,8].
Since ψ ≡ 0 is a solution, it may turn out that u1 ≡ ψ ≡ 0. Thus we have at least two positive solutions u2 and u3 and
Theorem 1.2 is proven. 
3. Proof of Theorems 1.3–1.6
Proof of Theorem 1.3. For fixed σ ∈ (0,min{r1, r2}), let (ψ1, ψ2) := ( σ2 φ
p
p−1 , σ2 φ
p
p−1 ). Then for i = 1, 2,
−∆pψi =
(σ
2
)p−1 ( p
p− 1
)p−1
{σ1φp − |∇φ|p}.
Consider the same δ > 0, µ > 0,m > 0 as in the proof of Theorem 1.1. We can choose λ 1 such that(σ
2
)p−1 ( p
p− 1
)p−1
σ1 < λmin
i=1,2{ mins∈[ σ2 µ,σ]
fi(s)gi(s)}.
Thus inΩ \Ωδ,
−∆pψ1 ≤
(σ
2
)p−1 ( p
p− 1
)p−1
σ1 < λ min
s∈[ σ2 µ,σ]
f1(s)g1(s)
≤ λf1(ψ1)g1(ψ2).
Similarly,
−∆pψ2 < λf2(ψ2)g2(ψ1).
InΩδ,
−∆pψ1 < −
(σ
2
)p−1 ( p
p− 1
)p−1
m ≤ λf1(ψ1)g1(ψ2),
−∆pψ2 < −
(σ
2
)p−1 ( p
p− 1
)p−1
m ≤ λf2(ψ2)g2(ψ1),
since λf1(ψ1)g1(ψ2) ≥ 0 and λf2(ψ2)g2(ψ1) ≥ 0. Thus if λ 1 we see that (ψ1, ψ2) is a positive subsolution of (1.2).
And it is easy to check that constant function (Z1, Z2) := (r1, r2) is a supersolution of (1.2) and (Z1, Z2) ≥ (ψ1, ψ2). Hence
for λ 1, (1.2) has a positive solution and Theorem 1.3 is proven. 
Proof of Theorem 1.4. First, we know that (ψ1, ψ2) ≡ (0, 0) is a solution (and hence a subsolution). In the proof of
Theorem 1.3, we saw that for λ  1, (ω1, ω2) = ( σ2 φ
p
p−1 , σ2 φ
p
p−1 ) is a positive strict subsolution. And also we know
that (Z1, Z2) := (r1, r2) is a supersolution of (1.2) such that (Z1, Z2) ≥ (ω1, ω2). Now we will show that there is a
positive and strict supersolution (ζ1, ζ2) such that (ζ1, ζ2) ≤ (Z1, Z2) and (ζ1, ζ2) 6≥ (ω1, ω2). From (H4), we can choose
ε ∈ (0,min{ σ2 , 1}) such that for i = 1, 2,
λfi(s)gi(1) < σ1sp−1, for 0 < s < ε.
Let (ζ1, ζ2) := (εφ, εφ). Since the gi are nondecreasing,
−∆pζi = σ1(εφ)p−1 > λfi(εφ)gi(1) ≥ λfi(εφ)gi(εφ),
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for i = 1, 2. Hence (ζ1, ζ2) is a positive strict supersolution and (ζ1, ζ2) 6≥ (ω1, ω2). Thus there exist solutions (u1, v1) ∈
[(ψ1, ψ2), (ζ1, ζ2)], (u2, v2) ∈ [(ω1, ω2), (Z1, Z2)] and
(u3, v3) ∈ [(ψ1, ψ2), (Z1, Z2)] \ ([(ψ1, ψ2), (ζ1, ζ2)] ∪ [(ω1, ω2), (Z1, Z2)]).
Thus we have two positive solutions (u2, v2) and (u3, v3) and Theorem 1.4 is proven. 
Proof of Theorem 1.5. For fixed σ ∈ (0,min{r1, r2}), let (ψ1, ψ2) := ( σ2 φ
p
p−1 , σ2 φ
p
p−1 ). Then
−∆pψi =
(σ
2
)p−1 ( p
p− 1
)p−1
{σ1φp − |∇φ|p}.
Consider the same δ > 0, µ > 0,m > 0 as in the proof of Theorem 1.1. For i = 1, 2, we can choose λi + µi  1 such that(σ
2
)p−1 ( p
p− 1
)p−1
σ1 < (λi + µi)min{ min
s∈[ σ2 µ,σ]
fi(s), min
s∈[ σ2 µ,σ]
gi(s)}.
Thus inΩ \Ωδ,
−∆pψ1 ≤
(σ
2
)p−1 ( p
p− 1
)p−1
σ1 < (λ1 + µ1)min{ min
s∈[ σ2 µ,σ]
f1(s), min
s∈[ σ2 µ,σ]
g1(s)}
≤ λ1 min
s∈[ σ2 µ,σ]
f1(s)+ µ1 min
s∈[ σ2 µ,σ]
g1(s)
≤ λ1f1(ψ1)+ µ1g1(ψ2).
Similarly,
−∆pψ2 ≤ λ2f2(ψ2)+ µ2g2(ψ1).
InΩδ , since λ1f1(ψ1)+ µ1g1(ψ2) ≥ 0 and λ2f2(ψ2)+ µ2g2(ψ1) ≥ 0,
−∆pψ1 < −
(σ
2
)p−1 ( p
p− 1
)p−1
m ≤ λ1f1(ψ1)+ µ1g1(ψ2),
−∆pψ2 < −
(σ
2
)p−1 ( p
p− 1
)p−1
m ≤ λ2f2(ψ2)+ µ2g2(ψ1).
Thus if λi + µi  1 we see that (ψ1, ψ2) is a positive subsolution of (1.3).
Next to construct a supersolution (Z1, Z2) such that (Z1, Z2) ≥ (ψ1, ψ2), we first consider the case when lims→∞ g2(s) =
∞ and lims→∞ g1(M(g2(s))
1
p−1 )
sp−1 = 0, for every M > 0. Let f˜i(s) = max{fi(t) : t ∈ [0, s]}. Then for i = 1, 2, the f˜i are
nondecreasing, bounded and f˜i(s) ≥ fi(s) for all s ≥ 0. Let e be the solution of−∆pe = 1 inΩ, e = 0 on ∂Ω . Since (H5) and
f˜1 is bounded, we can choose C > 0 large enough that
Cp−1 ≥ λ1 f˜1(C‖e‖∞)+ µ1g1((λ2 + µ2)
1
p−1 (g2(C‖e‖∞))
1
p−1 ‖e‖∞).
Let (Z1, Z2) :=
(
Ce, (λ2 + µ2)
1
p−1 (g2(C‖e‖∞))
1
p−1 e
)
. Then
−∆pZ1 = Cp−1 ≥ λ1 f˜1(C‖e‖∞)+ µ1g1((λ2 + µ2)
1
p−1 (g2(C‖e‖∞))
1
p−1 ‖e‖∞)
≥ λ1 f˜1(Z1)+ µ1g1((λ2 + µ2)
1
p−1 (g2(C‖e‖∞))
1
p−1 e)
≥ λ1f1(Z1)+ µ1g1(Z2).
Since lims→∞ g2(s) = ∞ and f˜2 is bounded, for C large enough we have
g2(C‖e‖∞) ≥ f˜2(Z2) ≥ f2(Z2).
Then
−∆pZ2 = (λ2 + µ2)g2(C‖e‖∞) = λ2g2(C‖e‖∞)+ µ2g2(C‖e‖∞)
≥ λ2f2(Z2)+ µ2g2(Z1).
Thus (Z1, Z2) is a supersolution of (1.3). Also for C  1, (Z1, Z2) ≥ (ψ1, ψ2).
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If g2 is bounded we can construct such a supersolution (Z1, Z2) when g2 is replaced by a g˜2 such that g˜2 ≥
g2, lims→∞ g˜2(s) = ∞ and lims→∞ g1(M(g˜2(s))
1
p−1 )
sp−1 = 0, for every M > 0, and repeating the above arguments. Clearly this
(Z1, Z2) obtained with g2 replaced by g˜2 is a supersolution for (1.3) as well.
Hence for λi + µi  1, (1.3) has a positive solution and Theorem 1.5 is proven. 
Proof of Theorem 1.6. First we note that (ψ1, ψ2) ≡ (0, 0) is a solution (and hence a subsolution). Also from the proof
of Theorem 1.5, we know that for λi + µi  1, there exist a positive strict subsolution (ω1, ω2) = ( σ2 φ
p
p−1 , σ2 φ
p
p−1 ) and
a supersolution (Z1, Z2) of (1.3) such that (Z1, Z2) ≥ (ω1, ω2). Now we show that there is a positive strict supersolution
(ζ1, ζ2) such that (ζ1, ζ2) ≤ (Z1, Z2) and (ζ1, ζ2) 6≥ (ω1, ω2). From (H4) and (H6) we can choose ε ∈ (0, σ2 ) such that for
i = 1, 2,
λifi(s)+ µigi(s) < σ1sp−1, for 0 < s < ε.
Let (ζ1, ζ2) := (εφ, εφ). For i = 1, 2,
−∆pζi = σ1(εφ)p−1 > λifi(εφ)+ µigi(εφ).
Hence (ζ1, ζ2) is a positive strict supersolution and (ζ1, ζ2) 6≥ (ω1, ω2). We note that from the proof of Theorem 1.5 we can
choose (Z1, Z2) large enough that (ζ1, ζ2) ≤ (Z1, Z2). Thus there exist solutions (u1, v1) ∈ [(ψ1, ψ2), (ζ1, ζ2)], (u2, v2) ∈
[(ω1, ω2), (Z1, Z2)] and
(u3, v3) ∈ [(ψ1, ψ2), (Z1, Z2)] \ ([(ψ1, ψ2), (ζ1, ζ2)] ∪ [(ω1, ω2), (Z1, Z2)]).
Thus we have two positive solutions (u2, v2) and (u3, v3) and Theorem 1.6 is proven. 
References
[1] Jaffar Ali, R. Shivaji, Positive solutions for a class of p-Laplacian systems with multiple parameters, J. Math. Anal. Appl. 335 (2007) 1013–1019.
[2] R.P. Argawal, K. Perera, D. O’Regan, A variational approach to singular quasilinear elliptic problems with sign changing nonlinearities, Appl. Anal. 85
(10) (2006) 1201–1206.
[3] Herbert Amann, Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces, SIAM Rev. 18 (5) (1976) 620–709.
[4] A. Canada, P. Dravek, J.L. Gamez, Existence of positive solutions for some problems with nonlinear diffusion, Trans. Amer. Math. Soc. 349 (10) (1997)
4231–4249.
[5] D.D. Hai, R. Shivaji, An existence result on positive solutions for a class of semilinear elliptic systems, Proc. Roy. Soc. Edinb. 134A (2004) 137–141.
[6] D.D. Hai, R. Shivaji, An existence result on positive solutions for a class of p-Laplacian systems, Nonlinear Anal., TMA 56 (2004) 1007–1010.
[7] P.H. Rabinowitz, Pairs of positive solutions of nonlinear elliptic partial differential equations, Indiana Univ. Math. J. 23 (1973–74) 173–186.
[8] R. Shivaji, A remark on the existence of three solutions via sub–super solutions, Lecture Notes Pure Appl. Math. 109 (1987) 561–566.
